We develop a theory for the interaction of light with superfluid optical media, describing the motion of quantum impurities that are created and dragged through the liquid by propagating photons. It is well known that a mobile impurity suffers dissipation due to phonon emission as soon as it moves faster than the speed of sound in the superfluid -Landau's critical velocity. Surprisingly we find that in the present hybrid light-matter setting, polaritonic impurities can be protected against environmental decoherence and be allowed to propagate well above the Landau velocity without jeopardizing the superfluid response of the medium.
We develop a theory for the interaction of light with superfluid optical media, describing the motion of quantum impurities that are created and dragged through the liquid by propagating photons. It is well known that a mobile impurity suffers dissipation due to phonon emission as soon as it moves faster than the speed of sound in the superfluid -Landau's critical velocity. Surprisingly we find that in the present hybrid light-matter setting, polaritonic impurities can be protected against environmental decoherence and be allowed to propagate well above the Landau velocity without jeopardizing the superfluid response of the medium.
When an object moves through a superfluid it can do so without friction as long as it is slower than a certain critical velocity. In his seminal work [1] , Landau obtained this bound by arguing that a moving impurity can generate excitations only when it exceeds the speed of sound in the superfluid. In this case, the object emits Cherenkov radiation which decelerates its motion. Being a hallmark of superfluidity this effect and the associated Landau velocity have since been verified in diverse systems, from liquid helium [2, 3] and exciton-polariton fluids in semiconductor microcavities [4] , to ultracold atomic quantum gases [5] .
An atomic impurity moving inside an ultracold gas of bosonic atoms [6] [7] [8] [9] [10] [11] [12] indeed provides an ideally suited and well controllable platform to study such behavior, as demonstrated in recent experiments [13] [14] [15] . These measurements revealed the emergence of a polaron quasiparticle in close analogy to its solid-state counterpart, introduced more than 80 years ago [16, 17] to understand how electrons interact with lattice vibrations of the surrounding crystal. The underlying Fröhlich model [17] has since found applications to various problems. For example, light-matter interactions originate from the optical generation of excitations in the material, whereby the coupling [17] between such excitons and phonons can to lead dissipation and explains some important optical properties of semiconductors [18] . The realization of strong light-matter coupling in such systems has enabled broad explorations of collective phenomena [4, [19] [20] [21] [22] [23] [24] and future applications [25] [26] [27] [28] [29] [30] [31] [32] of exciton-polaritons. However, their coupling to phonons and ensuing damping of polarons remains a major limiting factor for coherence and quantum effects in such systems.
Here, we address this issue by developing a theory for the non-equilibrium dynamics of polaritons in a quantum many-body system under the formation of Fröhlich polarons [see Fig.1(a) ]. Considering the threelevel scheme illustrated in Fig.1(b) , we demonstrate the emergence of polaron-polariton quasiparticles that can vastly exceed the traditional Landau critical velocity of the medium without suffering phonon-induced de- The incident photon can form a dark-state polariton by coupling the atomic ground state |b to an excited state |e with a detuning ∆ and a coupling strength √ ng, determined by the atomic density n. The state |e decays radiatively with rate γ and is coupled to a stable impurity state |c via a classical control field with Rabi frequency Ω. Panels (c) and (d) show the decay rate Γ of the formed polaronpolariton in units of tB = ξ/ √ 2cs, determined by the coherence length, ξ, and the speed of sound, cs, of the superfluid. (c) Γ as a function of the impurity speed v and the polariton group velocity vg, varied through the density, n 2 · 10 14 (red), 0.8 · 10 14 (blue), 0.3 · 10 14 cm −3 (green), for Ω/γ = 2 and ∆/γ = −200. The damping of the bare polaron is shown by the black lines. (d) Γ as a function of Ω for n 0.8 · 10 14 cm −3 and ∆/Ω = −300, revealing the emergence of a critical field Ω/γ ∼ 3. All calculations are performed for the D1 transition of ultracold 23 Na atoms and an impurity scattering length of a = 500a0, in units of the Bohr radius a0.
coherence [see Fig.1(c) ]. This effect, in turn, permits to stabilize and protect an otherwise decaying polaron against phonon-induced decoherence via a vanishingly small photon-component of the formed polariton [see More specifically, we consider a superfluid medium consisting of a weakly interacting atomic Bose-Einstein condensate (BEC), whereby an incident photon may transfer an atom to a different internal quantum state, which then acts as an impurity. Its interaction with the surrounding superfluid generates phonon, which screen the impurity to form a polaronic quasiparticle. To avoid dissipation from radiative excited-state decay, one can apply an additional control field and couple two stable atomic states via a two-photon transition as shown in Fig. 1(b) . On two-photon resonance, the depicted threelevel scheme realizes electromagnetically induced transparency (EIT), which affords strong light-matter coupling at virtually vanishing photon losses [33] due to the formation of so-called dark-state polaritons [34] that propagate with a greatly reduced group velocity, v g , as low as a few m/s [35] . At such low group velocities, the dark-state polariton is primarily composed of the impurity excitation with a very low photon fraction less than 10 −6 [34] .
Taken separately, these scenarios thus yield two stable quasiparticles: a photon-dressed impurity and a phonondressed impurity, which remains stable as long as its velocity is below the Landau velocity, i.e. the speed of sound in the superfluid. Consequently, one would expect that the combined quasiparticle destroys superfluidity [36] as soon as v g exceeds Landau's critical velocity. Surprisingly, this is not the case. First, it turns out that it is not the group velocity which determines the viscosity of its environment, but the total recoil momentum exerted on the impurity state by the two applied light fields. The resulting impurity velocity, v, can be widely tuned via the angle between the two laser fields and can differ vastly from v g . Second, we show that both of these velocities of the moving impurity can greatly exceed Landau's critical velocity without destroying the superfluid response of the quantum liquid (see Fig.1(c) ).
In order to understand these findings, let us consider a BEC of atoms with a mass m and three internal states |b , |e and |c , which are coupled by the propagating quantum light field and a classical control laser as indicated in Fig. 1(b) . We focus on weak collisional interactions that are short-ranged and can be parametrized by a scattering length a B for the condensate atoms in the ground state |b and a scattering length a quantifying the interaction between the impurity atoms in the |cstate and the condensate. The underlying Hamiltonian H =Ĥ 0 +Ĥ int +Ĥ al [37] can be conveniently split into three parts. Here,
describes one-body energies of the incident photons and the atoms in the atomic states |e , and |c , which are respectively created by the operatorsα † p for a given momentum p, andê † k ,ĉ † k with a given momentum k. The excitations in the weakly interacting condensate are Bogoliubov modes, created byβ † k = u kb † k +v kb−k at momentum k, where b † k creates an atom in the atomic ground state |b . Also, u k , v k = ((ξ k + nT B )/ω k ± 1) 1/2 / √ 2 are the BEC coherence factors, with the atomic kinetic energy ξ k = k 2 /2m, the condensate density n = b † 0b 0 /V in a given volume V , and the zero-energy scattering matrix, T B = 4πa B /m, for the |b atoms. We consider a narrowband incoming photon field of momenta p that propagates along the z-axis, whose wave vectors are tightly centered around the carrier momentum p 0 = p 0 e z . This defines the rotating frame such that the photonic energy at momentum k is ε α k = c(k − p 0 ), with the speed of light c. The Bogoliubov mode at k has the energy ω k = [ξ k (ξ k + 2nT B )] 1/2 . Further, the energy of the excited state is ε e k = ξ k + ∆ − iγ, with the one-photon detuning ∆, and decay rate γ, while the impurity energy is ε c k = ξ k + δ, with the two-photon detuning δ. The light-matter interaction,
describes the coupling to the classical control field with wave vector k cl and Rabi frequency Ω, as well as the single-photon interaction with a coupling strength g within the rotating wave approximation. While, the sum over p is again restricted to momenta for the incident photons, the photonic vacuum has been integrated out [37] yielding the decay rate γ of the excited state included in ε e k above. In the absence of atomic interactions and at the two-photon resonance δ = 0, the dynamics governed byĤ 0 +Ĥ al shows that incoming photons are converted to dark-state polaritonsd p = cos θα p −sin θĉ p−k cl that propagate the medium without losses at a velocity v g = cos 2 θ c, determined by tan θ = g √ n/Ω [34] .
The typical case of large single-photon Rabi frequencies g √ n Ω [35] , thus effectively yields an impuritŷ c p−k cl ≈ −d p that has a form stable propagation through the condensate with an ultraslow velocity v g c. The interaction between the impurity and the superfluid can be described by the Fröhlich Hamiltonian [17] 
which serves as a paradigmatic model for a range of solid-state systems [17, 38] and applies to polarons in BECs with weak interactions [12] . Physically, Eq. profoundly alter the idealized scenario of dissipation-free polariton motion.
To characterize the resulting many-body dynamics, we use an ansatz
for the time-dependent wave function, which is truncated at the single phonon level to leading order in the impurity interaction. Here |BEC denotes the initial state of the Bose-Einstein condensate composed entirely of |b -state atoms. The first line describes the bare photon-driven impurity dynamics that yields the loss-less propagation of the dark-state polariton ampli-
p discussed above. Collisions between the impurity and the surrounding atoms, however, perturb this polariton state and excite the superfluid as described by the Fröhlich term in Eq. (3) and captured by the second line in Eq. (S10). The characteristic momentum change associated with such collisions is given by the inverse coherence length 1/ξ = √ 8πna B of the condensate, which for a large single-photon detuning, |∆| γ, lies far outside the EIT regime. Consequently, almost all impurity collisions, apart from negligible scattering events around |p − k| p [37] , lead to a break up of the low-energy dark-state polariton and populate the hybridized modes |± of the two laser-coupled |e -and |c -states with ener-gies ε Fig. 2 . This implies a prompt photon loss and is reflected in the omission of the photon component in the second line of Eq. (S10). It is this interactioninduced modification of the polariton character and associated dispersions that causes the unusual propagation phenomena found in this work.
By using this ansatz in the many-body Schrödinger equation i∂ t |Ψ p =Ĥ |Ψ p we obtain a set of coupled equations for the five state amplitudes in Eq. (S10). Upon solving the evolution equations for E (1) and C (1) and substituting the result into the equations for the zero phonon amplitudes, we derive a closed equation [37] 
that describes the open quantum dynamics of the darkstate polariton due to its interaction with the surrounding superfluid. Here,
is the dispersion of the non-interacting dark state polariton around p 0 , that describes its form stable propagation with the group velocity v g . On the contrary, the timedependent complex energyΣ p (t) [37] captures the nonequilibrium dynamics driven by the atomic interactions following the creation of the ideal dark state polariton at time t = 0. The vanishing ofΣ p (t) at longer times then signals the establishment of a new quasiparticlethe polaron-polariton. Its self-energy
has a simple physical interpretation. First note that the classical control field hybridizes the |e -and |c -states of the atoms and generates new dressed states |± with energies ε (±) p , as outlined above and indicated in Fig. 2 . Equation (S28) therefore describes the virtual scattering of the impurity into these hybridized modes |± upon the generation of phonon excitations with an energy ω k . The associated coupling elements [37] g (+)
are determined by the form of the hybridized states, described by u ec q = (ε
∼ Ω with a decreasing control field. Eventually, Eq. (S28) approaches the known second order polaron energy [8] in the zero-field limit in which the dark-state polariton coincides with the bare impurity. Indeed, the dominant contribution in the collisions stems from the terms proportional to the impurity-medium scattering matrix T that describe the scattering of the dark state due to its impurity component, C p on ground state atoms at nonzero momenta k. These are present due to the interactions between the condensate atoms, with an amplitude given by v k , leading to the terms proportional to v k Ω in Eq. (S26).
The obtained equation of motion (5) has a simple solution D p (t) = D p (0)e −iEp t−Γp t e i t 0 dτΣp(τ ) . Starting from an initially non-interacting dark-state polariton, D p (0), this solution describes the initial quasiparticle formation, as determined byΣ p (t), and the subsequent evolution of the formed polaron-polariton, governed by its energy E p = ε p + ReΣ p and steady-state damping rate Γ p = −ImΣ p . In the more familiar case of a bare polaron (Ω = 0), the impurity suffers a finite damping rate if it moves faster than the Landau critical velocity, given by the condensate's speed of sound c s = √ 4πa B n/m. The kinetic energy is then sufficient to generate phonon excitations with a low-energy dispersion ω k c s k and cause dissipation in the form of Cherenkov radiation [1] . However, the damping rate of our dark-state polaronpolariton, shown in Fig. 1(c) , suggests profoundly different behavior than this paradigmatic scenario for the breakdown of superfluidity.
We observe that the group velocity, v g , which governs the speed with which the impurity excitation traverses the medium, has virtually no bearing on the damping of the polaron and can exceed c s by several orders of magnitude. In fact, it turns out that it is not the velocity v g of the polaritonic quasiparticle that determines the superfluid response of the medium, but the velocity of the laser-excited impurity atom. This velocity, v = (p − k cl )/m, can be widely tuned via the propagation angle between the incident control laser and the probe photons with wave vectors k cl and p p 0 , respectively.
Yet, even this velocity can exceed the speed of sound of the condensate by more than an order of magnitude without jeopardizing its superfluid response, as shown in Fig. 1(c) . To understand this behavior, we consider the off-resonant limit, Ω/|∆| 1, in which g
p,k can be neglected in Eq. (S28). As a result, the denominator of the first term in Eq. (S28) dictates the energy balance
for the scattering of a polariton with energy ε p into a different momentum state with ε contrast, the presence of the light field renders the impurity collisions inelastic by introducing an additional energy cost −Ω 2 /∆ associated with the collisional break up of the dark-state polariton into the laser-dressed |+state impurity. For a positive single-photon detuning, ∆ > 0, the resulting endothermic character of the impurity collisions promotes phonon emission regardless of the impurity speed, corresponding to a vanishing critical velocity, v c = 0.
A negative detuning, ∆ < 0, on the other hand, introduces an additional energy cost for impurity collisions and thereby increases the critical velocity. Upon increasing the light shift Ω 2 /∆, this effect can indeed cause a substantial enhancement and increase the critical velocity by more than an order of magnitude under typical conditions of ultracold atom experiments [35] . At the same time, this effect enables the quantum optical stabilization of otherwise decaying polaron quasiparticles. Indeed, Fig. 1(d) reveals the emergence of a critical behavior with respect to the control field amplitude and demonstrates the efficient protection of the polaron against the otherwise inevitable emission of Cherenkov radiation above a critical control field Ω c v −m∆/4 [37] . This optical stabilization of the Bose polaron against phonon emission can be probed directly by measuring the transmission of slow-light polaritons through an ultracold gas of Bose condensed atoms. The propagation dynamics through the gas is conveniently visualized by Fourier transforming the obtained solution, D p (t), into real space. Figure 3 compares the resulting pulse evolution for a bare Bose polaron and a dark-state polaronpolariton, moving at identical velocities through a 23 Na condensate with experimentally accessible densities and laser parameters. The Bose polaron undergoes rapid decoherence due to the steady emission of Cherenkov radiation [37] , while the amplitude of the dark-state polaronpolariton settles at the quasiparticle residue [39] and remains otherwise protected from decoherence.
The demonstrated ability to stabilize mobile polaritons in a dissipative environment thus provides an intriguing outlook for realizing coherent optical interfaces and makes it possible to explore and control the combined formation of polaritonic and polaronic quasiparticle states at greatly reduced losses and decoherence. Not only does this combination yield an attractive platform for exploring impurity physics [36] , and suggest novel optical probes of quantum many-body dynamics [40] , but also promises new functionalities for light-matter interfaces and optical devices [41, 42] . In the present context, ensuing applications include the generation of fewphoton nonlinearities via induced polaron interactions in atomic superfluids [43, 44] , which may even be controlled and enhanced via resonant phonon-exchange processes. Moreover, as outlined above, the underlying interaction Hamiltonian (3) is of considerably greater applicability describing for example the coupling between excitons and phonons in semiconductors [38] , which often presents a limitation to the coherence of light-matter interactions in such systems [18] . The EIT-enabled stabilization against phonon-induced dissipation, described in this work, therefore suggests a promising approach to alleviating this obstacle. These combined perspectives motivate future investigations into the strong-coupling regime as well as a wider range of environmental interactions and photon interfaces for exploiting correlated quantum dynamics and exploring quantum nonlinear optics in strongly interacting many-body systems.
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The Hamiltonian
The quantum light field is described by the Hamiltonian
where ck is the energy of a photon at momentum k and polarization λ created byα † kλ . The atom-light coupling consists of a classical control field and a quantum field. For the former, we use E = ·E 0 cos(k cl ·r−ck cl t), with a (classical) wave vector k cl and polarization vector . In the dipole approximation the Hamiltonian in first quantization is −er e ·E, with r e the position vector of the electron relative to the atomic nucleus. With the Rabi frequency Ω = −eE 0 e| r · |c /2 we can then write the classical control field in second quantization, =
whereψ † a (r) creates an atom in state |a at position r. In the second equality we make the usual rotating wave approximation. In the second line we first transform to momentum space usingψ a (r) = k e ik·râ k / √ V for a = e, c, with V the volume of the gas. Hence,â † k creates an atom in state |a at momentum k. We finally describe the Hamiltonian in the frame rotating with the light fields, usingê k =ê k · e icp0t andĉ k =ĉ k · e ic(k cl −p0)t . Here cp 0 is the carrier frequency of the quantum light field, which we now turn to. We describe the coupling to the quantum light field in terms of a quantized electric field
with 0 the vacuum permittivity. The field is transverse: k · kλ = 0. We then get
with the electric dipole moment d be = −e b| r |e . In turn g kλ = ck/2 0 kλ · d be . We again make the rotating wave approximation and write the fields in the rotating frame, withα kλ =α kλ e icp0t a temporally slowly varying field when k p 0 . We can describe the Hamiltonian in terms of time-independent fields, if we further adjust the energies of the photons and the atomic excited and impurity states. Hence, we writê
The first term describes the photons, where we shift the energy by cp 0 in the rotating frame, letting ε α k = c(k − p 0 ). The second term describes the excited state |e with the one-photon detuning ∆ = ε e 0 − cp 0 , ε e 0 being the bare energy of the state. Also, ξ k = k 2 /2m is the kinetic energy. The third term describes the impurity state with the two-photon detuningδ = ε c 0 + c(p 0 − k cl ), ε c 0 being the bare energy of the state. We here dropped the ∼'s for simplicity. Finally, the fourth term is the usual expression for the BEC Hamiltonian withβ † k = u kb † k + v kb−k creating a Bogoliubov mode at momentum k and energy ω k = [ξ k (ξ k + 2nT B )] 1/2 . u k , v k = ((ξ k + nT B )/ω k ± 1) 1/2 / √ 2 are the BEC coherence factors, n is the density of the condensate, and T B = 4πa B /m the zero energy scattering matrix for the |b atoms. With the rotating frame in place, we may write for the atom-light couplinĝ
Further, the impurity state, c, interacts with the ground state atoms, which at weak interactions can be described by the Fröhlich interactionĤ
where T = 4πa/m is the zero energy scattering matrix for the b-c interaction. The atomic |c -|c , |c -|e , and |e -|e interactions are absent under the assumption that only a single quantum of light is propagating, i.e. at most a single atom is excited. Further, we will not consider any interaction between the ground and excited state, |b -|e . The elementary Hamiltonian of the system is thusĤ =Ĥ 0 +Ĥ al +Ĥ int . We wish to simplify the Hamiltonian description to the incoming modes p along the z-axis. This is accomplished by integrating out the photonic vacuum, i.e. all the photonic modes for k = p. The Feynman diagram associated with this is shown in Fig. S1 , leading to the decay rate
In principle, we should omit the modes p in this integration. However, because they lie along a single line the result is unaffected. Due to the huge slope of the photonic dispersion, the speed of light c, the atomic energies ξ q , ω q−k are completely negligible. In the second line we use u 2 k − v 2 k = 1. There is thus in principle a small correction to the bare (Wigner-Weisskopf) decay rate γ = λ
, scaling with the number of non-condensate |b -atoms. However, this has no bearing on our studies, and we will simply ignore it. For concreteness, we assume that the incoming photons are linearly polarized and that the direction of the electric dipole moment is fixed orthogonal to the propagation of the incoming photons. We can then set one of the polarizations, λ 1 , to be parallel to the dipole moment. I.e. pλ1 · d be = |d be | and pλ2 · d be = 0. This thus picks out a particular polarization, and defining g = g pλ1 = cp/2 0 |d be | we may write an effective Hamiltonian describing only the incoming photonic modes, p,
Here we drop the now redundant polarization index λ 1 on α pλ1 . Also, ε e k = ξ k + ∆ − iγ includes the decay rate of the excited state, and ε c k = ξ k + δ includes the mean field energy shift nT due to the impurity-boson interaction in the two-photon detuning δ =δ + nT .
Deriving the equations of motion in the physical basis
To accommodate for the atomic interactions and the quantum fluctuations in the BEC we use the state ansatz
also given in the main text. Here the term describing an impurity plus a single phonon, C (1) , is generated by the impurity-boson interactionĤ int . This in turn is coupled to the E (1) term through the classical light field ∝ Ω. It is finally coupled to the photonic mode A (0) via terms inĤ al present due to quantum fluctuations ∝ v k g. The underlying assumption of this ansatz is that when the impurity scatters on the condensate atoms, it breaks apart the dark state and decouples the photonic mode from the atomic states. This is accurate when the typical scattering momentum is much larger than the largest change in momentum the dark state can suffer without breaking apart, ∆p cr . In the weak coupling limit investigated here we have k scat 1/ξ with ξ = 1/ √ 8πna B the BEC coherence length. On the other hand ∆p cr is determined by equating the energy at the edge of the EIT window Ω 2 / ∆ 2 + γ 2 with the dark state energy v g ∆p cr , resulting in ∆p cr = ng 2 /(c ∆ 2 + γ 2 ). Thus, for the wave function ansatz to accurately describe the scattering, we need
where we use g 2 = 3πcγ/p 2 . When this inequality is fulfilled the dark state breaks apart during an atomic scattering event as shown in Fig. 2 of the main text. The only caveat is when the scattering preserves the magnitude of the dark state momentum, i.e. |p − k| p. These events are however extremely rare and negligible as discussed at the end of this Supplemental Material. For atomic densities of n = 10 13 −10 15 cm −3 , optical transitions λ = 2π/p = 400−800nm, and typical atomic interactions in the condensate of a B = 100a 0 , ∆p cr /k scat is of order unity on the single photon resonance ∆ = 0. Therefore, the theory is restricted in validity to detunings much larger than the decay rate, |∆| γ. Finally, terms with more than one phonon present will be higher order in the impurity-boson interaction, or macroscopically suppressed. E.g. there is in principle a term 1
−k |BEC coupling to the E (1) term through gu k . However, this coupling turns out to be zero in the thermodynamic limit, where N → ∞, V → ∞, and we thus neglect it completely. We first solve the equations for the one phonon amplitudes E (1) and C (1) in terms of zero phonon amplitudes A (0) , E (0) and C (0) , and then plug these solutions back into the equations of motion for the zero phonon amplitudes. For convenience, we let ψ ψ ψ 
Here,
(S13)
The first two describe the effective Hamiltonian of the scattered and unscattered states respectively, while G k describes the coupling matrix to the scattered states. The equation for these, ψ ψ ψ (1) p,k , in Eq. (S12) is formally solved to yield
using the initial condition ψ ψ ψ (1) p,k (0) = 0, i.e. that there are no phonons initially. Reinserting this in the equation for ψ ψ ψ (0) p in Eq. (S12) we get
We write out the explicit solution by finding eigenvectors and -values to H q . The eigenvalues are ε 
q ] is its own inverse, and so we get e −iH p−k (t−τ ) ψ ψ ψ
Performing the matrix multiplication, we get
(S17) Here,
We are now ready to transform to the polariton basis and make the equations of motion local in time.
Dark state equation of motion
The polaritons are the eigenstates of the Hamiltonian,
finding the minimum of f (p,k) and equating it to the light shift. While the general solution is rather involved, we can find a simple approximate solution for v > ∼ 2c s . Here we can approximatek 1 +k 2 k2 at the minimum. Taking the derivative, ∂kf (q,k) 4(k −q/2), then yields a minimum atk q/2, and thus mink f (q,k) f (q,q/2) −q 2 /2. The critical momentum is thusq c −2Ω 2 t B /∆, yielding a critical velocity v c = q c m 2Ω √ −m∆ , (S33) usingq = qξ/ √ 2 and t B = mξ 2 . Hence, only if the impurity moves with a speed faster than v c does it experience decay, as shown in Fig. 1(c) . This gives an accurate result for v c > ∼ 2c s . Reversely, for a fixed velocity v as in Fig.  1(d) , one can increase the critical velocity by increasing Ω. This thus exhibits a critical behaviour at
below which the dark state experiences decay, while above the decay rate becomes vanishingly small, as shown in Fig.  1(d) . Again this is accurate for v > ∼ 2c s . The underlying reason for the vanishing decay rate is thus that the additional energy cost from the light field becomes too large at Ω c for the scattering to be allowed kinematically.
Propagation of the dark state
We derive an expression for the propagation of the dark state in real space. First however, we need an expression for the group speed. We thus define v g (t) − iκ(t) = ∂ p ε p + Σ p −Σ p (t) p=p0 .
(S35)
Since the right hand side is in general a complex number there is both a contribution to the group speed v g and a damping coefficient κ, and due to the presence of the time-dependent rate coefficientΣ these depend on time as well. Keeping only the dominant terms proportional to the group speed in the absence of atomic interactions v 0 g = Ω 2 /(Ω 2 + ng 2 ) · c, with c the speed of light, we obtain v g (t) − iκ(t) = v 0 g 1 − it ·Σ p0 (t) + i t 0 dτΣ p0 (τ ) .
Let us now turn to the propagation. Suppose that we prepare a non-interacting dark state pulse D(z, t = 0) at time t = 0. The evolution of this state can be studied by expanding in plane waves (along the propagation axis z) D(z, t) = dp 2π e ipz D p (t) = dp 2π e ipz D p (0)e −iEpt−Γpt e i t 0 dτΣp(τ ) ,
where we in the second equality use that D p (t) = D p (0)e −iEp t−Γp t e i t 0 dτΣp(τ ) as described in the main text, with E p = ε p + ReΣ p the dark state energy and Γ p = −ImΣ p the dark state decay rate. This simple solution is accurate, provided the pulse fits within the EIT window, i.e. v g σ p < Ω 2 / ∆ 2 + γ 2 , with σ p the momentum standard deviation. Using the definition of the group speed and damping coefficient in Eq. (S35) we get D(z, t) e ip0z e −iEp 0 t e −Γp 0 t e i t 0 dτΣp 0 (τ ) dp 2π e i(p−p0)(z− t 0 dτ [vg(τ )−iκ(τ )]) D p (0) = e ip0(z−z (t)) e −iEp 0 t e −Γp 0 t e i t 0 dτΣp 0 (τ ) 
This concludes the present derivation, and describes motion of the pulse at a time-dependent group velocity v g (t). In Fig. S2 we plot v g and κ as a function of time for the same parameters considered in Fig. 3 of the main text. S45) ). In blue we show the dark state decay rate, Γ, also given in Fig. 1(d) of the main text. We only see deviations for very small Ω corresponding to vg ∼ cs. We use the same parameters as in Fig. 1(d) . (b) Propagation dynamics. The same pulse propagation as in Fig. 3 of the main text, with the bare impurity wave packet in blue, and the dark state wave packet in red. Here we include the additional dark state damping rate in Eq. (S45) in the green lines. Importantly, we only see a very small correction to the red line.
